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Abstract 
 

This paper presents a detailed theoretical analysis using the principle of conservation of energy and spring-
mass system analogy for the oscillation of water in two identical tanks connected by pipe. An expression is 
derived for the frequency of oscillation of water as a function of the affecting parameters in anti-roll tanks. It is 
mathematically demonstrated that the circular and rectangular tanks produce the same frequency of oscillation 
of water if their cross-sectional areas remain same.Furthermore, this paper takes into account the additional 
damping forces which arise from friction between the moving fluid and the surrounding tank wall. This makes 
the theoretical model more realistic. The computational results are plotted graphically and then physically 
interpreted in order to demonstrate the effect of the depth of water and the area of cross-section of each vertical 
tank; the effect of the length, diameter and number of connecting pipes; and the effect of damping on the 
oscillation of water in the tanks. The results of this analytical study are expected to be useful in the design of 
anti-rolling tanks which will effectively reduce the rolling motion of ships. 
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1. Introduction 
The understanding and control of rolling motion i.e. the rotational motion about the longitudinal axis of a ship is 
essential for efficient ship manoeuvring, ensuring crew comfort and proper functioning of onboard equipment. 
Till date, a variety of roll control mechanisms like bilge keels, fin stabilizers, gyro stabilizers, anti-roll tanks, 
etc. have been subjected to comprehensive theoretical study and detailed practical experimentation. 
 
Anti-roll tanks (ART) generate anti-rolling moments using differences in water heights at the two limbs of U-
tank whose oscillation is exactly out of phase to the incoming wave excitations. The use of ART has an added 
advantage of controlling the rolling motion even if the vessel is not underway. An Active ART uses pumps or 
any mechanical means to generate the moments from fluid flow and often become impractical in case of large 
vessels. Passive anti-roll tank (PART), on the other hand, with no active means to generate counter moments 
relies solely on accurate tuning techniques to ambient conditions, and therefore, require a greater study across 
the linear and non-linear range.  
 
Froude [11] was the first to use anti-roll tanks to reduce roll motion. He installed water chambers in the upper 
part of the ship. The free-surface effect of the water tank lengthened the period of the rolling motion but reduced 
the ship’s stability; consequently, the system was abandoned. Frahm[4], a German naval engineer revived the 
method, and was the first to understand the importance of placing the horizontal leg or cross-duct in the U-tube. 
An active counterpart of Frahm’s passive tank was conceived by Minorsky[8]. A restoring moment was 
developed by transferring the water directly with a proper phase from one leg of the U-tube tank to the other at a 
high rate. Chadwick [6]derived the governing equations for rolling motion in calm water and found that the axis 
of roll does not necessarily pass through the centre of gravity of the ship. The hydrodynamic effects are 
considered linear and hence superimposable. Crockett [9] in his report illustrated a step-by-step preliminary 
design procedure for designing, installing, and tuning of passive anti-roll tanks based on some empirical 
formulae and practical experiences.Bell and Walker[5] foundthat the positioning of the tanks is a critical issue 
and the typical designs and characteristics of vessels must be taken into account while designing an effective 
ART. Gawadet al. [1] paid attention to the fluid motion inside the tank itself. They mentioned that proper tuning 
of the anti-roll tank to the ship’s natural frequency is very important in reducing the roll motion. Dallinga 
[10]noticed thatfor a given wing-tank area (which determines the restoring term in the natural period) the height 
of the connecting duct is the remaining design parameter for the tuning effect. Samoilescuet al. [3] mentioned 
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that tank stabilizers are virtually independent of the forward speed of the vessel: they generate anti rolling forces 
by phased flow of appropriate masses of fluid (water or reserve fuel, etc.) in transverse tanks installed at suitable 
heights and distances from the ship’s centre line. Tanizawaet al. [7] used a numerical wave tank (NWT) which 
was applied to the simulation of coupled motions of ship and ART in beam seas. Holden et al. [2] presented two 
novel nonlinear models of U-shaped ART for ships, and their linearization. The models were derived using 
Lagrangian mechanics.  
 
Water in the reservoirs of an ARTis expected to oscillate with the same period but exactly out of phase to the 
vessel’s oscillation. For the greatest effect, ARTs are often placed where they would induce the highest counter-
rolling moment (often, high up on the vessel). The motivating force for the anti-roll tanks is predominantly the 
action of gravity on the mass of the fluid. Since the fluid can only flow downhill and has inertia, it cannot start 
to move until the ship has rolled a few degrees. The natural restoring forces limit the maximum roll angle and 
initiate a roll in the opposite sense. In the meantime, the fluid continues to flow downhill, accumulating on the 
still low side and provides a moment opposing the ship motion. As the ship returns and passes its upright 
position, fluid again flows downhill to repeat the process. The transverse acceleration of the fluid generates an 
inertia force and thereby a moment, about the roll centre, which reduces the gravity moment when the tanks are 
below the roll centre and increases it when they are above. Maximum moment is experienced at the vertical 
position of the ship. The kinetic and potential energiesof the fluid in the tanks are originated from the energy 
generated during rolling. Part of the energy is dissipated by vortex shedding and fluid viscous effects related to 
skin friction on the walls of the tank. Thus, the phase lag may be increased, within limits, by placing 
obstructions e. g. orifice plates, grilles, etc. in the fluid flow path to increase the damping.In contrast to the other 
papers available on this topic, the present paper takes a new theoretical approach to determine the period of 
oscillation of water in tanks that can be used to counterfeit anti-rolling motion in ships. 

 
2. Theoretical Analysis 

 
Let us consider two identical tanks each of cross-sectional area A. The tanks are connected at their bottom 

by a horizontal pipe of length L and cross-sectional area a, as shown in (Figure 1). The tanks are filled with 
water up to a depth of h. 

Suppose that oscillation occurs in the tanks due to some external disturbance. In such a case, the water 
level will fall in one tank, with a corresponding rise in the other. The head of water, causing flow in the pipe, 
will be the difference between the two water levels.Let the water level in Tank 1 fall down by y. Then the water 
level in Tank 2 will rise up by y. Let x be the horizontal displacement of water in the pipe. The volume of water 
that has passed from Tank 1 is Ay. From constancy of volume of water, we can write 

ݕܣ ൌ  (1)  ݔܽ

ݔ ׵ ൌ
ݕܣ
ܽ

  (2) 

Using the principle of conservation of energy, the natural frequency of an oscillating system can be easily 
determined, and in this case, it can be done using an analogy with the spring-mass system. For a vibrating 
system, the energy is partly kinetic and partly potential. The kinetic energy Kis associated with the velocity of 
the mass and the potential energyP is due to the strain energy stored in the spring. Thus, 

K + P= Total Energy = constant  (3) 

Fig.  1.Natural oscillations of water in two identical 
tanks connected by a pipe. 

Fig. 2. Simple spring-mass system 
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Therefore, the rate of change of energy is zero, 

 ݀
ݐ݀

ሺ ܭ ൅ ܲ ሻ ൌ 0 (4) 

The equation of motion of the spring mass system can be derived from energy considerations. The kinetic 
energy of the mass is given by  

ܭ  ൌ
1
2 ଶݒ݉ ൌ

1
2 ሶݕ݉ ଶ (5) 

 
The potential energy of the system is due to strain energy stored in the spring (Figure 2) and is given by 

 ܲ ൌ න ݕ݇ ݔ݀
௫
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2  ଶ (6)ݕ݇

Therefore, one can now easily write down the expressions for the potential energy of the water oscillating in the 
tanks. In this case, the restoring force is  

ܨ  ൌ  (7) ݃ߩݕܣ2
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݃ߩݕܣ2

ݕ ൌ  ݃ߩܣ2
(8) 

Combining Eqn (6) and Eqn (8), we get 
ܲ ൌ ଶݕ݃ߩܣ (9)
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The kinetic energy of the oscillating column of water is given by 
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It can be easily shown from the above that   

 
݀ܶ
ݐ݀ ൌ ߩ ቈ2݄ܣ ൅ ܮܽ ൬
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቉ ሷݕሶݕ  (11)

From Eqn (4),Eqn(10) and Eqn(11), we obtain 
 

ߩ       ቈ2݄ܣ ൅ ܮܽ ൬
ܣ
ܽ൰

ଶ

቉ ሷݕሶݕ ൅ ሶݕݕ݃ߩܣ2 ൌ 0  
 

Dividing the above expression by ݕ݌ሶ  throughout, we get 

 ቈ2݄ܣ ൅ ܮܽ ൬
ܣ
ܽ

൰
ଶ

቉ ሷݕ ൅ ݕ݃ܣ2 ൌ 0 (12)

or, ݕሷ ൅  ൤
݃ܣ2

݄ܣ2 ൅ ܣሺܮܽ ܽ⁄ ሻଶ൨ ݕ ൌ 0  

which is similar to ݕሷ ൅ ݕଶ݌ ൌ 0 (13)
where ݌ is the natural frequency of oscillation in radian/second. Therefore, 
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It can be easily shown that for multiple pipes, 
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 (16)

where n is the number of connecting pipes. For rectangular tank connected by rectangular pipe, we get 

݌  ൌ ቎
݃

݄ ൅ ௅
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 (17)

where b and lare the breadth and longitudinal extent of the vertical arm of the tanks and ݄Ԣ and ݈Ԣare the height 
and longitudinal extent of the horizontal pipe respectively.When the longitudinal extent of the rectangular 
vertical arm and that of the horizontal pipe are same, Eqn (17) reduces to 
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For two identical square tanks connected by a duct of square cross-section, Eqn (17) gives 
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Similarly for two circular tanks 
connected by a circular pipe,  ݌ ൌ ቎

݃
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For two identical square tanks 
connected by a circular pipe, ݌ ൌ ቎

݃
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 (21)

The above derivation takes into account an ideal fluid flow condition. Taking the effect of damping into 
consideration, and De as the loss of energy due to damping, Eqn (4) gives

 ݀
ݐ݀

ሺܭ ൅ ܲሻ ൌ െܦ௘ (22)

The energy lost due to damping can be considered as the product of thedamping force and thereduction in height 
of the water column due to damping. Since the damping force is proportional to the velocity, we get 
௘ܦ  ൌ ሶ݄݀                                                                        (23)ݕܥ
WhereC is the damping constant and hd is the reduction in height of the water column due to damping.If Udis the 
change in potential energy and Tdis the change in kinetic energy due to damping, 
௘ܦ  ൌ ௗܲ ൅ ௗܭ         (24)
Let U1 andU2be the potential energy of the water column in ideal fluid and viscous fluid respectively. Therefore, 
Eqn (9) gives 

P1ൌ ଶ (25)ݕ݃ߩܣ

therefore, P2 ൌ ݕሺ݃ߩܣ െ ݄ௗሻଶ (26)
Neglecting the second order terms and using the Newton’s equation of motion, 

Pdൌ P1 – P2ൌ 2݄ݕ݃ߩܣௗ  (27)
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Pd = ݕߩܣሶ ଶ݄ௗ  (29)
Similarly, the corresponding expressions for the kinetic energy can be written as 
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Thus we get ܭ஽= ܭଵ െ ሶݕௗ݄ߩܣ = ଶܭ ଶ (32)
Therefore Eqn(24) becomes ܦ௘ ൌ ሶݕߩܣ2 ଶ݄ௗ (33)

So from Eqn (22), ߩ ቈ2݄ܣ ൅ ܮܽ  ൬
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which gives ݕሷ ൅ ൤
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Let ݌ଶ ൌ
݃ܣ2

݄ܣ2 ൅ ܣሺܮܽ ܽ⁄ ሻଶ (36)

and 2݊ ൌ
ௗ݄ܣ2

݄ܣ2 ൅ ܣሺܮܽ ܽ⁄ ሻଶ (37)

Then Eqn (35) becomes 
ሷݕ  ൅ ሶݕ2݊ ൅ ݕଶ݌ ൌ 0 (38)
which is a second order linear homogeneous differential equation. Considering the roots of the characteristic 
equation real and distinct, and the solution of the equation 
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yൌ ݁௥௧ (39)
It can be easily shown that r ൌ ‐nേ√ሺ݊ଶ െ ଶሻ (40)݌
So  the damped frequency can be expressed as 
ௗ݌  ൌ ඥሺ݌ଶ െ ݊ଶሻ (41)
3. Results and Discussion 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.  3.Variation of the period of oscillation (T) with 
the height (h) of the column of water in circular tanks 
connected by a circular pipe for different values of  
D/d. 

Fig. 4.Variation of the period of oscillation (T) 
with the length (L) of the connecting pipe for 
circular tanks connected by a circular pipe for 
different values of D/d. 

Fig.  5.Variation of the period of oscillation (T) 
with the number of connecting pipes (n) for  
different water heights (h) in the upright tanks. 

Fig. 6.Variation of the time period (T) with the 
vertical rise of water in upright tanks (h) for 
different damping ratios (hd/h). 
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Based on the theoretical analysis, a number of computer programs have been developed in Fortran 2003 and 
executed on the Core-2-Quad based processor. The computational results are plotted graphically. It may be 
noted that the expression for the frequency of oscillation (which has been derived in the preceding section) has 
been used for finding the period of oscillation (T) using the well-known relationship T=2π/p. Furthermore, it is 
to be noted that the period of oscillation has been used as a key parameter for the analysis of results. It is clearly 
seen from Eqn (15) that the tank parameters (i.e. breadth, diameter and length of the tanks) do not affect the 
period of oscillation as long as the cross-sectional areas of the tanks are the same. So the results obtained are 
generalized using only circular tank connected by a circular pipe. The ratios of the diameter of the tank to the 
connecting pipe have been used to visualize the particular changes associated with the change in areas.Fig. 
3shows that as the height of the water column in the vertical tanks increase the time period increases but the rate 
of increase is very low. It is also observed that the period of oscillation increases rapidly with the increase of the 
ratio (D/d) where D is the diameter of the vertical tanks and d the diameter of the circular pipe.Fig. 4shows that 
the period of oscillation increases remarkably as the length of the connecting pipe increases but the variation is 
not linear. Furthermore, the period of oscillation increases rapidly with the increase of the ratio (D/d).It is seen 
from Fig. 5 that the period of oscillation can be reduced significantly by increasing the number of connecting 
pipes. However, no remarkable change in the period of oscillation is observed with the change in the depth of 
water in the tanks. It is already mentioned in the previous section that additional damping forces arise from the 
friction between the moving fluid and the surrounding tank wall. This damping effect is clearly observed from 
Fig. 6that the period of oscillation is found to increase significantly with the increase of the ratio hd/h where hd is 
the loss of height due to damping and h is the depth of water. 
 
4. Conclusions 

The following conclusions can be drawn from the present study: 
(a) Firstly, an expression for the frequency of oscillation of water in two identical tanks has been derived 

assuming ideal fluid flow theory. Subsequently, the expression for the frequency of oscillation has been 
modified taking into consideration the additional damping forces which arise from friction between the 
moving fluid and the surrounding tank wall. Obviously, this theoretical model is more realistic than the 
one derived on the assumption of ideal fluid.  

(b) Both the circular and the rectangular tanks produce the same period of oscillation provided their cross-
sectional areas are equal.  

(c) Once the tanks are installed on a ship, the dimensions of the tanks (length, breadth and diameter) 
cannot be changed. However, the depth of water in the tanks is the only parameter which can be varied 
to match with the ambient condition.  

(d) The period of oscillation is found to decrease sharply as the number of connecting pipes increases. 
(e) Finally, the period of oscillation is found to increase with the increase of the depth of water in the 

tanks. However, the rate of increase is quite low in case of ideal fluid flow assumption. On the other 
hand, the period of oscillation increases at a rapid rate with the depth of water when the effect of 
damping is taken into account. 

5. References  
 
[1]  A. F. Gawad, A. S. Ragab, H. A. Nayfeh, and T. Mook, “Roll Stabilization by Anti-Roll Passive Tanks”, Ocean 

Engineering, Vol. 28, pp. 457-469, 2001. 
[2]  C. Holden, T. Perez, and T. I. Fossen, “A Lagrangian Approach to Non-Linear Modeling of Anti-Roll Tanks”, Ocean 

Engineering, Vol. 38, pp. 341-359, 2011. 
[3]  G. Samoilescu, and S. Radu, “Stabilizers and Stabilizing Systems on Ships”, Naval Academy MirceaCelBatran, 8th 

International Conference, 2002. 
[4]  H. Frahm, “Results of Trials of the Anti-Rolling Tanks at Sea”, Journal of the American Society for Naval Engineers, 

Vol. 23, Issue 2, pp. 571-597, 1911. 
[5]  J. Bell, and W. P. Walker, “Activated and Passive Controlled Fluid Tank System for Ship Stabilization”, SNAME 

Transactions, Vol. 74, pp. 150-193, 1966. 
[6]  J. H. Chadwick, “On the Stabilization of Roll”, Proceedings of SNAME, Vol. 63, pp. 237-280, 1955. 
[7]  K. Tanizawa, T. Harukuni, and H. Sawada, “Application of NWT to the Design of ART”, Proceedings of the 13th 

International Offshore and Polar Engineering Conference, pp. 307-314, 2003. 
[8]  N. Minorsky, “Problems of Anti-Rolling Stabilization of Ships by the Activated Tank Method”, American Society of 

Naval Engineers, Vol. 47, pp. 87-119, 1935. 
[9]  R. C. Crockett, “Passive Anti-Roll Tanks”, Design Data Sheet, US Navy, Bureau of Ships, 1962. 
[10]  R. P. Dallinga, “Roll Stabilization at Anchor: Hydrodynamic Aspects of the Comparison of Anti-Roll Tanks and Fins”, 

MARIN, 2002. 
[11]  W. Froude, “Considerations Respecting the Rolling of Ships at Sea”, INA Transactions, Vol.14, pp. 96-116, 1874. 


